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Pair creation of de Sitter black holes on a cosmic string background
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We analyze the quantum process in which a cosmic string breaks in a de Sitter (dS) background,
and a pair of neutral or charged black holes is produced at the ends of the string. The energy
to materialize and accelerate the pair comes from the positive cosmological constant and, in ad-
dition, from the string tension. The compact saddle point solutions without conical singularities
(instantons) or with conical singularities (sub-maximal instantons) that describe this process are
constructed through the analytical continuation of the dS C-metric. Then, we explicitly compute
the pair creation rate of the process. In particular, we find the nucleation rate of a cosmic string in
a dS background, and the probability that it breaks and a pair of black holes is produced. Finally
we verify that, as occurs with pair production processes in other background fields, the pair creation
rate of black holes is proportional to eS , where the gravitational entropy of the black hole, S, is
given by one quarter of the area of the horizons present in the saddle point solution that mediates
the process.
PACS numbers: 04.70.Dy, 04.70.-s, 04.20.Gz, 98.80.Jk, 98.80.Cq
I. INTRODUCTION
In nature there are few known processes that allow
the production of black holes. The best well-known is
the gravitational collapse of a massive star or cluster of
stars. Due to fermionic degeneracy pressure these black
holes cannot have a mass below the Oppenheimer-Volkoff
limiting mass (∼ 3M⊙ in recent calculations). Another
one is the quantum Schwinger-like process of black hole
pair creation in an external field. These black holes can
have Planck dimensions and thus their evolution is ruled
by quantum effects. Moreover, gravitational pair cre-
ation involves topology changing processes, and allows a
study of the statistical properties of black holes, namely:
it favors the conjecture that the number of internal mi-
crostates of a black hole is given by the exponential of
one-quarter of the area of the black hole horizon, and it
gives useful clues to the black hole information paradox.
The evaluation of the black hole pair creation rate has
been done at the semiclassical level using the instanton
method. An instanton is an Euclidean solution that in-
terpolates between the initial and final states of a classi-
cally forbidden transition, and is a saddle point for the
Euclidean path integral that describes the pair creation
rate. This instanton method has been first introduced
in studies about decay of metastable termodynamical
states, and it has been applied in the context of pair
creation of particles and fields in the absence of gravity,
by several authors (see, e.g., [1] for a review).
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A. Backgrounds for black hole pair creation.
Instantons
The instanton method has been also introduced as a
framework for quantum gravity, with successful results in
the analysis of gravitational thermodynamic issues and
black hole pair production processes, among others (see
[2]). The regular instantons that describe the process we
are interested in - the pair creation of black holes in an
external field - can be obtained by analytically continuing
(i) a solution found by Ernst [3], (ii) the de Sitter black
hole solutions, (iii) a solution found by Kinnersley and
Walker known as the C-metric [4], (iv) a combination
of the above solutions, or (v) the domain wall solution
[5]. To each one of these five families of instantons corre-
sponds a different way by which energy can be furnished
in order to materialize the pair of black holes and to ac-
celerate them apart. In case (i) the energy is provided by
the electromagnetic Lorentz force, in case (ii) the strings
tension furnishes this energy, in case (iii) the energy is
provided by the rapid cosmological expansion associated
to the positive cosmological constant Λ, in case (iv) the
energy is provided by a combination of the above fields,
and finally in case (v) the energy is given by the repul-
sive gravitational field of the domain wall. Since these
solutions play a fundamental role, we will now briefly dis-
cuss some of them that are less known. The C-metric [4]
describes a pair of black holes (neutral or charged) uni-
formly accelerating in opposite directions. The solution
has conical singularities at its angular poles that, when
conveniently treated, can be interpreted as two strings
from each one of the black holes towards the infinity and
whose tension provides the necessary force to pull apart
the black holes. By appending a suitable external elec-
tromagnetic field, Ernst [3] has removed all the conical
singularities of the charged flat C-metric. The Ernst so-
lution then describes two oppositely charged black holes
2undergoing uniform acceleration provided by the Lorentz
force associated to the external field (for the magnetic so-
lution see [3], while the explicit electric solution can be
found in Brown [6]). Asymptotically, the Ernst solution
reduces to the Melvin universe [7]. The Lorentz sector
of the C-metric and Ernst solution describe the evolu-
tion of the black holes after their creation. The usual
de Sitter black hole solutions, when euclideanized, give
also instantons for pair creation of black holes. Indeed,
the de Sitter black holes solutions can be interpreted as
representing a black hole pair being accelerated by the
cosmological constant.
It was believed that the only black hole pairs that could
be nucleated were those whose Euclidean sector was free
of conical singularities (instantons). This regularity con-
dition restricted the mass and charge of the black holes
that could be produced, and physically it meant that the
only black holes that could be pair produced were those
that are in thermodynamic equilibrium. However, Wu
[8], and Bousso and Hawking [9] have shown that Eu-
clidean solutions with conical singularities (sub-maximal
instantons) may also be used as saddle points for the
pair creation process, as long as the spacelike boundary
of the manifold is chosen in order to contain the coni-
cal singularity and the metric is specified there. In this
way, pair creation of black holes whose horizons are not
in thermodynamic equilibrium is also allowed.
B. Historical overview on pair creation process in
an external field
We will describe the studies that have been done on
pair creation of black holes in an external field.
(i) The suggestion that the pair creation of black holes
could occur in quantized Einstein-Maxwell theory has
been given by Gibbons [10] in 1986, who has proposed
that extremal black holes could be produced in a back-
ground magnetic field and that the appropriate instanton
describing the process could be obtained by euclideaniz-
ing the extremal Ernst solution. This idea has been re-
covered by Giddings and Garfinkle [11] that confirmed
the expectation of [10] and, in addition, they have con-
structed an Ernst instanton that describes pair creation
of nonextreme black holes. The explicit calculation of the
rate for this last process has lead Garfinkle, Giddings and
Strominger [12] to conclude that the pair creation rate of
nonextreme black holes is enhanced relative to the pair
creation of monopoles and extreme black holes by a factor
eSbh , where Sbh = Abh/4 is the Hawking-Bekenstein en-
tropy of the black hole and Abh is the area of the black
hole event horizon. This issue of black hole pair cre-
ation in a background magnetic field and the above rela-
tion between the pair creation rate and the entropy has
been further investigated by Dowker, Gauntlett, Kastor
and Traschen [13], by Dowker, Gauntlett, Giddings and
Horowitz [14], and by Ross [15], but now in the context
of the low energy limit of string theory and in the con-
text of five-dimensional Kaluza-Klein theory. To achieve
their aim they have worked with an effective dilaton the-
ory which, for particular values of the dilaton parameter,
reduces to the above theories, and they have explicitly
constructed the dilaton Ernst instantons that describe
the process. The one-loop contribution to the magnetic
black hole pair creation problem has been given by Yi
[16]. Brown [6, 17] has analyzed the pair creation of
charged black holes in an electric external field. Hawking,
Horowitz and Ross [18] (see also Hawking and Horowitz
[19]) have related the rate of pair creation of extreme
black holes with the area of the acceleration horizon. In
the nonextreme case, the rate has an additional contri-
bution from the area of the black hole horizon. From
these relations emerges an explanation for the fact, men-
tioned above, that the pair creation rate of nonextreme
black holes is enhanced relative to the pair creation of
extremal black holes by precisely the factor eAbh/4. For
a detailed discussion concerning the reason why this fac-
tor involves only Abh and not two times this value see
also Emparan [20]. It has to do with the fact that the in-
ternal microstates of two members of the black hole pair
are correlated.
(ii) The study of pair creation of de Sitter (dS) black
holes has been also investigated. Notice that the dS black
hole solution can be interpreted as a pair of dS black
holes that are being accelerated apart by the positive
cosmological constant. The cosmological horizon can be
seen as an acceleration horizon that impedes the causal
contact between the two black holes, and this analogy
is perfectly identified for example when we compare the
Carter-Penrose diagrams of the C-metric and of the dS
Schwarzschild black hole, for example. The study on pair
creation of black holes in a dS background has begun in
1989 by Mellor and Moss [21], who have identified the
gravitational instantons that describe the process (see
also Romans [22] for a detailed construction of these in-
stantons). The explicit evaluation of the pair creation
rates of neutral and charged black holes accelerated by a
cosmological constant has been done by Mann and Ross
[23]. This process has also been discussed in the con-
text of the inflationary era undergone by the universe
by Bousso and Hawking [24]. Garattini [25], and Volkov
and Wipf [26] have computed the one-loop factor for this
pair creation process, something that in gravity quantum
level is not an easy task. Booth and Mann [27] have an-
alyzed the cosmological pair production of charged and
rotating black holes. Pair creation of dilaton black holes
in a dS background has also been discussed by Bousso
[28].
(iii) In 1995, Hawking and Ross [29] and Eardley,
Horowitz, Kastor and Traschen [30] have discussed a
process in which a cosmic string breaks and a pair of
black holes is produced at the ends of the string. The
string tension then pulls the black holes away, and the
C-metric provides the appropriate instantons to describe
their creation. In order to ensure that this process is
physically consistent Achu´carro, Gregory and Kuijken
3[31], and Gregory and Hindmarsh [32] have shown that
a conical singularity can be replaced by a Nielson-Olesen
vortix. This vortix can then pierce a black hole [31], or
end at it [32]. Moreover, it has been suggested that even
topologically stable strings can end at a black hole [29]-
[33].
(iv) We can also consider a pair creation process, ana-
lyzed by Emparan [34], involving cosmic string breaking
in a background magnetic field. In this case the Lorentz
force is in excess or in deficit relative to the net force nec-
essary to furnish the right acceleration to the black holes,
and this discrepancy is eliminated by the string tension.
The instantons describing this process are a combination
of the Ernst and C-metric intantons.
(v) The gravitational repulsive energy of a domain wall
provides another mechanism for black hole pair creation.
This process has been analyzed by Caldwell, Chamblin
and Gibbons [35], and by Bousso and Chamblin [36] in
a flat background, while in an anti-de Sitter background
the pair creation of topological black holes (with hyper-
bolic topology) has been analyzed by Mann [37].
Other studies concerning the process of pair creation
in a generalized background is done in [38].
C. Pair creation of magnetic vs electric black holes
It has been noticed that oddly the pair creation of elec-
tric black holes was apparently enhanced relative to the
pair creation of magnetic black holes. This was a conse-
quence of the fact that the Maxwell action has opposite
signs in the two cases. Now, this discrepancy between
the two pair creation rates was not consistent with the
idea that electric and magnetic black holes should have
identical quantum properties. This issue has been prop-
erly and definitively clarified by Hawking and Ross [39]
and by Brown [17], who have shown that the magnetic
and electric solutions differ not only in their actions, but
also in the nature of the boundaries conditions that can
be imposed on them. More precisely, one can impose the
magnetic charge as a boundary condition at infinity but,
in the electric case, one instead imposes the chemical po-
tential as a boundary condition. As a consequence they
proposed that the electric action should contain an extra
Maxwell boundary term. This term cancels the opposite
signs of the Maxwell action, and the pair creation rate of
magnetic and electric black holes is equal.
D. Pair creation of black holes and the information
loss problem
The process of black hole pair creation gives also useful
clues to the discussion of the black hole information loss
problem [40]. Due to the thermal Hawking radiation the
black holes evaporate. This process implies that one of
the following three scenarios occurs (see [41] for reviews):
(i) the information previously swallowed to the black hole
is destroyed, (ii) this information is recovered to the exte-
rior through the Hawking radiation, or (iii) the endpoint
of the evaporation is a Plank scale remnant which stores
the information. There are serious difficulties associated
to each one of this scenarios. Scenario (i) implies non-
unitarity and violation of energy conservation, scenario
(ii) implies violation of locality and causality, and the
main problem with scenario (iii) is that a huge energy is
needed in order to store all the information that has been
swallowed by the black hole, and a Planck scale remnant
has very little energy. Pair creation of black holes has
been used to test these scenarios. Indeed, it has been
argued [41] that if one demands preservation of unitar-
ity and of locality then a careful analysis of the one-loop
contribution to the pair creation process indicates that
the Hawking process would leave behind a catastrophic
infinite number of remnants. So the remnant hypoth-
esis seems to be discarded, although some escape solu-
tions can be launched [41]. On the other side, Hawking,
Horowitz and Ross [18] have called attention to the fact
that the same instantons that describe pair creation can,
when reversed in time, describe their pair annihilation,
as long as the black holes have appropriate initial con-
ditions such that they come to rest at the right critical
separation (this annihilation process was also discussed
by Emparan [20]). One can then construct [18] an ar-
gument that favors the information loss scenario: black
holes previously produced as a particle-antiparticle pair
can accrete information and annihilate, with their energy
being given off as electromagnetic and gravitational ra-
diation. Therefore, the information loss scenario seems
to occur at least in this annihilation process.
E. Energy released during and after pair creation
An important process that accompanies the produc-
tion of the black hole pair and the subsequent accel-
eration that they suffer is the emission of electromag-
netic and gravitational radiation. In an asymptotically
flat background, an estimate for the amount of gravi-
tational radiation radiated during the pair creation pe-
riod has been given by Cardoso, Dias and Lemos [45]:
∆E = 4Gcπ
γ3m3
~
, where m is the mass of each one of the
created black holes and γ = (1−v2/c2)−1/2 is the Lorentz
factor. This value can lead, under appropriate numbers
of m and γ to huge quantities, and is a very good candi-
date to emission of gravitational radiation. For example,
for black holes with 30 times the Planck mass and with
10% of the velocity of light, the gravitational energy re-
leased is ∆E ∼ 1013 J, which is about 100 times the rest
energy of the pair.
The gravitational radiative properties of the resulting
accelerated black holes has been analyzed by Bicˇa´k, and
Pravda and Pravdova [46]. In a dS background, the
gravitational radiation emitted by uniformly accelerated
sources without horizons has been analyzed by Bicˇa´k and
Krtousˇ [47], and the radiative properties of accelerated
4black holes have been studied by Krtousˇ and Podolsky´
[48].
F. Plan of the paper
In this paper we discuss the process in which a cosmic
string nucleates in a de Sitter (dS) background, and then
breaks producing a pair of black holes at its ends. There-
fore, the energy to materialize and accelerate the pair
comes from the positive cosmological constant and, in
addition, from the string tension. This process is a com-
bination of the processes considered in (ii) [21]-[26] and
in (iii) [29]-[32]. The instantons for this process can be
constructed by analytically continuing the dS C-metric
found by Pleban´ski and Demian´ski [42] and analyzed by
Podolsky´ and Griffiths [43], and in detail by Dias and
Lemos [44].
The plan of this paper is as follows. In Sec. II, we
describe the semiclassical instanton method used to eval-
uate the pair creation rate. In section III we construct,
from the dS C-metric, the instantons that describe the
pair creation process. Then, in section IV, we explic-
itly evaluate the pair creation rate for each one of the
cases discussed in Sec. III. In Sec. V we verify that the
usual relation between pair creation rate, entropy and to-
tal area holds also for the pair creation process discussed
in this paper. Finally, in Sec. VI concluding remarks are
presented. In the Appendix a heuristic derivation of the
pair creation rates is given. Throughout this paper we
use units in which G = c = ~ = 1.
II. BLACK HOLE PAIR CREATION RATE: THE
INSTANTON METHOD
The pair creation of black holes in a de Sitter (dS)
background is described, according to the no-boundary
proposal of Hartle and Hawking [49], by the propagation
from nothing to a 3-surface boundary Σ. The amplitude
for this process is given by the wave function
Ψ(hij , Ai) =
∫
d[gµν ]d[Aµ]e
−I(gµν ,Aµ) , (1)
where hij and Ai are the induced metric and electro-
magnetic potential on the boundary Σ = ∂M of a com-
pact manifold M, d[gµν ] is a measure on the space of
the metrics gµν and d[Aµ] is a measure on the space of
the Maxwell field Aµ, and I(gµν , Aµ) is their Euclidean
action. The path integral is over all compact metrics and
potentials on manifoldsM with boundary Σ, which agree
with the boundary data on Σ. For a detailed discussion
of the no-boundary proposal applied to the study of black
hole pair creation see Bousso and Chamblin [36].
In the semiclassical instanton approximation, the dom-
inant contribution to the path integral comes from met-
rics and Maxwell fields which are near the solutions (in-
stantons) that extremalize the Euclidean action and sat-
isfy the boundary conditions. Thus, considering small
fluctuations around this solution, gµν → gµν + g˜µν and
Aµ → Aµ + A˜µ, the action expands as
I = Iinst(gµν , Aµ) + δ
2I(g˜µν) + δ
2I(A˜µ) + · · · , (2)
where δ2I are quadratic in g˜µν and A˜µ, and dots denote
higher order terms. The wave function, that describes
the creation of a black hole pair from nothing, is then
given by Ψinst = Be
−Iinst , where Iinst is the classical
action of the gravitational instanton that mediates the
pair creation of black holes, and the prefactor B is the
one loop contribution from the quantum quadratic fluc-
tuations in the fields, δ2I. Similarly, the wave function
that describes the nucleation of a dS space with a string
from nothing is Ψstring ∝ e−Istring , and the wave function
describing the nucleation of a dS space from nothing is
ΨdS ∝ e−IdS . The nucleation probability of the dS space
from nothing, of the dS space with a string from nothing,
and of a space with a pair of black holes from nothing is
then given by |ΨdS|2, |Ψstring|2 and |Ψinst|2, respectively.
We may now ask four questions: what is the probabil-
ity for (i) pair creation of black holes in a dS spacetime,
(ii) the nucleation of a string in a dS background, (iii)
the process in which a string in a dS background breaks
and a pair of black holes is created, and (iv) the com-
bined process (ii)+(iii). In the process (i) the energy to
materialize the pair comes only from the positive cos-
mological constant background, Λ. The system does not
contain a string and the probability for this process has
been found in [23]. The aim of the present paper is to
compute explicitly the probability for processes (ii)-(iv).
It is important to note that in the process (iii), one as-
sumes that the initial background contains a string, i.e. ,
the question that is being asked is: given that the string
is already present in our initial system, what is the proba-
bility that it breaks and a pair of black holes is produced
and accelerated apart by Λ and by the string tension?
On the other side, in (iv) one is asking: starting from
a pure dS background, what is the probability that a
string nucleates on it and then breaks forming a pair of
black holes? Naturally, the probability for process (iv)
is the product of the probability for process (ii) and the
probability for process (iii).
According to the no-boundary proposal, the nucleation
rate of a string in a dS background is proportional to
|Ψstring|2/|ΨdS|2, i.e.,
Γstring/dS ≃ ηη¯ e−2Istring+2IdS . (3)
The pair creation rate of black holes when a string breaks
in a dS background is given by
ΓBHs/string ≃ η e−2Iinst+2Istring , (4)
and the pair creation rate of black holes when process
(iv) occurs is given by the product of (3) and (4), i.e.,
ΓBHs/dS ≃ η˜ e−2Iinst+2IdS . (5)
5In Sec. IV we will find Iinst and Istring. In the three rela-
tions above, η¯, η and η˜ are one-loop prefactors which will
not be considered in this paper. The evaluation of this
one-loop prefactor has been done only in a small number
of cases, namely for the vacuum background by Gibbons,
Hawking and Perry [50], for the Schwarzschild instanton
by Gross, Perry and Yaffe [51], for other asymptotically
flat instantons by Young [55], for the dS background by
Gibbons and Perry [52] and Christensen and Duff [53], for
the dS-Schwarzschild instanton by Ginsparg and Perry
[54], Young [56], Volkov and Wipf [26] and Garattinni
[25], and for the Ernst instanton by Yi [16].
At this point we must specify the Euclidean action
needed to compute the path integral (1). This issue was
analyzed and clarified in detail by Hawking and Ross
[39] and by Brown [17]. Now, due to its relevance for
the present paper, we briefly discuss the main results
of [17, 39]. One wants to use an action for which it is
natural to fix the boundary data on Σ specified in (1).
That is, one wants to use an action whose variation gives
the Euclidean equations of motion when the variation
fixes these boundary data on Σ [57]. In the magnetic
case this Euclidean action is the Einstein-Maxwell action
with a positive cosmological constant Λ given by
I = − 1
16π
∫
M
d4x
√
g (R− 2Λ− FµνFµν)
− 1
8π
∫
Σ=∂M
d3x
√
hK , (6)
where g is the determinant of the Euclidean metric, h is
the determinant of the induced metric on the boundary
Σ, R is the Ricci scalar, K is the trace of the extrinsic
curvature Kij of the boundary, and Fµν = ∂µAν − ∂νAµ
is the Maxwell field strength of the gauge field Aν . Vari-
ation of (6) yields δI = (· · ·) + 14π
∫
Σ
d3x
√
hFµνnµδAν ,
where (· · ·) represents terms giving the equations of mo-
tion plus gravitational boundary terms that are discussed
in [57], and nµ is the unit outward normal to Σ. Thus,
variation of (6) gives the equations of motion as long as it
is at fixed gauge potential Ai on the boundary. Now, for
magnetic black hole solutions, fixing the potential fixes
the charge on each of the black holes, since the magnetic
charge is just given by the integral of Fij over a 2-sphere
lying in the boundary. However, in the electric case, fix-
ing Ai can be regarded as fixing a chemical potential ω
which is conjugate to the charge [39]. Holding the elec-
tric charge fixed is equivalent to fixing nµF
µi on Σ, as
the electric charge is given by the integral of the dual of
F over a 2-sphere lying in Σ. Therefore in the electric
case the appropriate Euclidean action is [39]
Iel = I − 1
4π
∫
Σ=∂M
d3x
√
hFµνnµAν , (7)
where I is defined in (6). Variation of action (7) yields
δIel = (· · ·)+ 14π
∫
Σ
d3xδ(
√
hFµνnµ)Aν , and thus it gives
the equations of motion when
√
hnµF
µi, and so the elec-
tric charge, is held fixed. Since
∫
M d
4x
√
gFµνFµν has
opposite signs for dual magnetic and electric solutions,
if we took (6) to evaluate both the magnetic and elec-
tric actions we would conclude that the pair creation of
electric black holes would be enhanced relative to the
pair creation of magnetic black holes. This physically
unexpected result does not occur when one considers the
appropriate boundary conditions and includes the extra
Maxwell boundary term in (7).
We have to be careful [39, 58] when computing the
extra Maxwell boundary term in the electric action (7).
Indeed, we have to find a vector potential, Aν , that is reg-
ular everywhere in the instanton, including at the hori-
zons. Usually, as we shall see, this requirement leads to
unusual choices for Aν . The need of this requirement
is easily understood if we take the example of the elec-
tric Reissner-Nordstro¨m solution [39, 58]. In this case,
normally, the gauge potential in Schwarzschild coordi-
nates is taken to be A = − qr dt. However, this potential
is not regular at the horizon r = r+, since dt diverges
there. An appropriate choice that yields a regular elec-
tromagnetic potential everywhere, including at the hori-
zon is A = −q(1r − 1r+ ) dt or, alternatively, A = −
q
r2 t dr.
To all these potentials corresponds the field strength
F = − qr2 dt ∧ dr.
III. THE dS C-METRIC INSTANTONS
The dS C-metric has been found by Pleban´ski and
Demian´ski [42]. The physical properties and interpre-
tation of this solution have been analyzed by Podolsky´
and Griffiths [43], and in detail by Dias and Lemos [44].
The dS C-metric describes a pair of uniformly acceler-
ated black holes in a dS background, with the accelera-
tion being provided by the cosmological constant and, in
addition, by a string that connects the two black holes
along their south poles and pulls them away. The pres-
ence of the string is associated to the conical singularity
that exists in the south pole of the dS C-metric (see, e.g.,
[44, 59]). For a detailed discussion on the properties of
the dS C-metric we ask the reader to see [44]. Here we
will only mention those which are really essential.
Following Sec. II, in order to evaluate the black hole
pair creation rate we need to find the instantons of the
theory, i.e., we must look into the Euclidean section of
the dS C-metric and choose only those Euclidean solu-
tions which are regular in a way that will be explained
soon. To obtain the Euclidean section of the dS C-metric
from the Lorentzian dS C-metric we simply introduce an
imaginary time coordinate τ = −it. Then the gravita-
tional field of the Euclidean dS C-metric is given by (see,
e.g., [44])
ds2 = [A(x+ y)]−2(Fdτ2 + F−1dy2 + G−1dx2 + Gdφ2) ,
(8)
F(y) = −Λ + 3A
2
3A2
+ y2 − 2mAy3 + q2A2y4,
G(x) = 1− x2 − 2mAx3 − q2A2x4 , (9)
6where Λ > 0 is the cosmological constant, A > 0 is the
acceleration of the black holes, andm and q are the ADM
mass and electromagnetic charge of the non-accelerated
black hole, respectively. The Maxwell field in the mag-
netic case is given by
Fmag = −q dx ∧ dφ , (10)
while in the electric case it is given by
Fel = −i q dτ ∧ dy . (11)
The solution has a curvature singularity at y = +∞
where the matter source is. The point y = −x corre-
sponds to a point that is infinitely far away from the cur-
vature singularity, thus as y increases we approach the
curvature singularity and y + x is the inverse of a radial
coordinate. At most, F(y) can have four real zeros which
we label in ascending order by yneg < 0 < yA ≤ y+ ≤ y−.
The roots y− and y+ are respectively the inner and outer
charged black hole horizons, and yA is an acceleration
horizon which coincides with the cosmological horizon
and has a non-spherical shape. The negative root yneg
satisfies yneg < −x and thus has no physical significance.
The angular coordinate x belongs to the range [xs, xn]
for which G(x) ≥ 0 (when we set A = 0 we have xs = −1
and xn = +1). In order to avoid a conical singularity in
the north pole, the period of φ must be given by
∆φ =
4π
|G′(xn)| , (12)
and this leaves a conical singularity in the south pole
with deficit angle
δ = 2π
(
1− G
′(xs)
|G′(xn)|
)
. (13)
that signals the presence of a string with mass density
µ = δ/(8π), and with pressure p = −µ < 0. When we
set the acceleration parameter A equal to zero, the dS C-
metric reduces to the usual dS−Reissner-Nordstro¨m or
dS-Schwarzschild solutions without conical singularities.
So far, we have described the solution that represents
a pair of black holes accelerated by the cosmological con-
stant and by the string tension. This solution describes
the evolution of the black hole pair after its creation.
Now, we want to find a solution that represents a string
in a dS background. This solution will describe the ini-
tial system, before the breaking of the cosmic string that
leads to the formation of the black hole pair. In order
to achieve our aim we note that at spatial infinity the
gravitational field of the Euclidean dS C-metric reduces
to
ds2 =
1
[A0(x+ y)]2
[(
− Λ
3A 20
− 1 + y2
)
dt2
+
dy2
− Λ
3A 20
− 1 + y2 +
dx2
1− x2 + (1 − x
2)dφ 20
]
,(14)
and the Maxwell field goes to zero. A0 is a constant that
represents a freedom in the choice of coordinates, and
−1 ≤ x ≤ 1. We want that this metric also describes
the solution before the creation of the black hole pair,
i.e., we demand that it describes a string with its conical
deficit in a dS background. Now, if we want to maintain
the intrinsic properties of the string during the process
we must impose that its mass density and thus its con-
ical deficit remains constant. After the pair creation we
already know that the conical deficit is given by (13).
Hence, the requirement that the background solution de-
scribes a dS spacetime with a conical deficit angle given
exactly by (13) leads us to impose that in (14) one has
∆φ0 = 2π − δ = 2π G
′(xs)
|G′(xn)| . (15)
The arbitrary parameter A0 can be fixed by imposing a
matching between (8) and (14) at large spatial distances
[18, 29], yielding A 20 = −A2[G′(xs)]2/ [2G′′(xs)].
Returning back to the euclidean dS C-metric (8), in or-
der to have a positive definite Euclidean metric we must
require that y belongs to yA ≤ y ≤ y+. In general, when
y+ 6= y−, one has conical singularities at the horizons
y = yA and y = y+. In order to obtain a regular solu-
tion we have to eliminate the conical singularities at both
horizons. This is achieved by imposing that the period
of τ is the same for the two horizons, and is equivalent
to requiring that the Hawking temperature of the two
horizons be equal. To eliminate the conical singularity
at y = yA the period of τ must be β = 2π/kA (where kA
is the surface gravity of the acceleration horizon),
β =
4π
|F ′(yA)| . (16)
This choice for the period of τ also eliminates simulta-
neously the conical singularity at the outer black hole
horizon, y+, if and only if the parameters of the solution
are such that the surface gravities of the black hole and
acceleration horizons are equal (k+ = kA), i.e.
F ′(y+) = −F ′(yA) . (17)
There are two ways to satisfy this condition. One is a
regular Euclidean solution with yA 6= y+, and will be
called lukewarm C instanton. This solution requires the
presence of an electromagnetic charge. The other way is
to have yA = y+, and will be called Nariai C instanton.
This last solution exists with or without charge. When
we want to distinguish them, they will be labelled by
charged Nariai and neutral Nariai C instantons, respec-
tively.
We now turn our attention to the case y+ = y− and
yA 6= y+, which obviously requires the presence of charge.
When this happens the allowed range of y in the Eu-
clidean sector is simply yA ≤ y < y+. This occurs be-
cause when y+ = y− the proper distance along spatial
directions between yA and y+ goes to infinity. The point
y+ disappears from the τ, y section which is no longer
7compact but becomes topologically S1×R. Thus, in this
case we have a conical singularity only at yA, and so we
obtain a regular Euclidean solution by simply requiring
that the period of τ be equal to (16). We will label this
solution by cold C instanton. Finally, we have a special
solution that satisfies yA = y+ = y− and that is regu-
lar when condition (16) is satisfied. This instanton will
be called ultracold C instanton and can be viewed as a
limiting case of both the charged Nariai C instanton and
cold C instanton.
Below, we will describe in detail each one of these four
C instantons, following the order: (A) lukewarm C in-
stanton, (B) cold C instanton, (C) Nariai C instanton,
and (D) ultracold C instanton. These instantons are
the C-metric counterparts (A 6= 0) of the A = 0 in-
stantons that have been constructed from the Euclidean
section of the dS−Reissner-Nordstro¨m solution (A = 0)
[21–23, 27]. The original name of the A = 0 instantons
is associated to the relation between their temperatures:
Tlukewarm > Tcold > Tultracold > TNariai = 0. This rela-
tion is preserved by their C-metric counterparts discussed
in this paper, and we preserve the A = 0 nomenclature.
The ultracold instanton could also, very appropriately,
be called Nariai Bertotti-Robinson instanton (see [60]).
These four families of instantons will allow us to calcu-
late the pair creation rate of accelerated dS−Reissner-
Nordstro¨m black holes in Sec. IV.
As is clear from the above discussion, when the charge
vanishes the only regular Euclidean solution that can be
constructed is the neutral Nariai C instanton. The same
feature is present in the A = 0 case where only the neutral
Nariai instanton is available [23, 24, 26, 54].
A. The lukewarm C instanton
For the lukewarm C instanton the gravitational field
is given by (8) with the requirement that F(y) satisfies
F(y+) = 0 = F(yA) and F ′(y+) = −F ′(yA). In this
case we can then write (onwards the subscript “ℓ” means
lukewarm)
Fℓ(y) = −
(
yA y+
yA + y+
)2(
1− y
yA
)(
1− y
y+
)
×
(
1 +
yA + y+
yA y+
y − y
2
yA y+
)
, (18)
with
yA =
1− α
2mA
, y+ =
1 + α
2mA
,
α =
√
1− 4m√
3
√
Λ + 3A2 . (19)
The parameters A, Λ, m and q, written as a function of
yA and y+, are
Λ
3A2
=
(
yA y+
yA + y+
)2
,
mA = (yA + y+)
−1 = qA . (20)
Thus, the mass and the charge of the lukewarm C in-
stanton are necessarily equal, m = q, as occurs with its
A = 0 counterpart, the lukewarm instanton [21–23, 27].
The demand that α is real requires that
0 < mℓ ≤
√
3
4
1√
Λ + 3A2
, (21)
so the lukewarm C instanton has a lower maximum mass
and a lower maximum charge than the A = 0 lukewarm
instanton [21–23, 27] and, for a fixed Λ, as the acceler-
ation parameter A grows this maximum value decreases
monotonically. For a fixed Λ and for a fixed mass be-
low
√
3/(16Λ), the maximum value of the acceleration is√
1/(4m)2 − Λ/3.
As we said, the allowed range of y in the Euclidean
sector is yA ≤ y ≤ y+. Then, the period of τ , (16), that
avoids the conical singularity at both horizons is
βℓ =
8πmA
α(1 − α2) , (22)
and Tℓ = 1/βℓ is the common temperature of the two
horizons.
Using the fact that G(x) = −Λ/(3A2) − F(−x) [see
(9)] we can write
Gℓ(x) = 1− x2 (1 +mAx)2 , (23)
and the only real zeros of Gℓ(x) are the south and north
pole
xs =
−1 + ω−
2mA
< 0 , xn =
−1 + ω+
2mA
> 0 , (24)
with ω± ≡
√
1± 4mA .
When A goes to zero we have xs → −1 and xn → +1.
The period of φ, (12), that avoids the conical singular-
ity at the north pole (and leaves one at the south pole
responsible for the presence of the string) is
∆φℓ =
8πmA
ω+(ω2+ − 1)
≤ 2π . (25)
When A goes to zero we have ∆φℓ → 2π and the conical
singularity disappears.
The topology of the lukewarm C instanton is S2 × S2
(0 ≤ τ ≤ βℓ, yA ≤ y ≤ y+, xs ≤ x ≤ xn, and 0 ≤ φ ≤
∆φℓ). The Lorentzian sector describes two dS black holes
being accelerated by the cosmological background and
by the string, so this instanton describes pair creation of
nonextreme black holes with m = q.
B. The cold C instanton
The gravitational field of the cold C instanton is given
by (8) with the requirement that the size of the outer
8charged black hole horizon y+ is equal to the size of the
inner charged horizon y−. Let us label this degenerated
horizon by ρ: y+ = y− ≡ ρ and ρ > yA. In this case, the
function F(y) can be written as (onwards the subscript
“c” means cold)
Fc(y) = ρ
2 − 3γ
ρ4
(y − yneg)(y − yA)(y − ρ)2 , (26)
with
γ =
Λ+ 3A2
3A2
, (27)
and the roots ρ, yneg and yA are given by
ρ =
3m
4q2A
(
1 +
√
1− 8
9
q2
m2
)
, (28)
yneg =
γρ
ρ2 − 3γ
(
1−
√
ρ2 − 2γ
γ
)
, (29)
yA =
γρ
ρ2 − 3γ
(
1 +
√
ρ2 − 2γ
γ
)
. (30)
The mass and the charge parameters of the solution are
written as a function of ρ as
m =
1
Aρ
(
1− 2γ
ρ2
)
,
q2 =
1
A2ρ2
(
1− 3γ
ρ2
)
, (31)
and, for a fixed A and Λ, the ratio q/m is higher than 1.
The conditions ρ > yA and q
2 > 0 require that, for the
cold C instanton, the allowed range of ρ is
ρ >
√
6γ . (32)
The value of yA decreases monotonically with ρ and we
have
√
γ < yA <
√
6γ. The mass and the charge of
the cold C instanton are also monotonically decreasing
functions of ρ, and as we come from ρ = +∞ into ρ =√
6γ we have
0 < mc <
√
2
3
1√
Λ + 3A2
, (33)
0 < qc <
1
2
1√
Λ + 3A2
, (34)
so the cold C instanton has a lower maximum mass and
a lower maximum charge than the A = 0 cold instanton,
and, for a fixed Λ, as the acceleration parameter A grows
this maximum value decreases monotonically. For a fixed
Λ and for a fixed mass below
√
2/(9Λ), the maximum
value of the acceleration is
√
2/(27m2)− Λ/3.
As we have already said, the allowed range of y in the
Euclidean sector is yA ≤ y < y+ and does not include y =
y+. Then, the period of τ , (16), that avoids the conical
singularity at the only horizon of the cold C instanton is
βc =
2πρ3
(yA − ρ)2
√
γ(ρ2 − 2γ) , (35)
and Tc = 1/βc is the temperature of the acceleration
horizon.
In what concerns the angular sector of the cold C in-
stanton, G(x) is given by (9), and its only real zeros are
the south and north pole,
xs = −p+ h
2
− m
2q2A
< 0 ,
xn = p+
h
2
− m
2q2A
> 0 , (36)
with
p =
1
2
(
−s
3
+
2m2
q4A2
− 1− 12q
2A2
3sq4A4
− 4
3q2A2
+ n
)1/2
,
n =
−m3 +mq2
2hq6A3
,
h =
√
s
3
+
m2
q4A2
+
1− 12q2A2
3sq4A4
− 2
3q2A2
,
s =
1
21/3q2A2
(
λ−
√
λ2 − 4(1− 12q2A2)3
)1/3
,
λ = 2− 108m2A2 + 72q2A2 , (37)
where m and q are fixed by (31), for a given A, Λ and
ρ. When A goes to zero we have xs → −1 and xn → +1.
The period of φ, ∆φc, that avoids the conical singularity
at the north pole (and leaves one at the south pole re-
sponsible for the presence of the string) is given by (12)
with xn defined in (36).
The topology of the cold C instanton is R2× S2, since
y = y+ = ρ is at an infinite proper distance (0 ≤ τ ≤ βc,
yA ≤ y < y+, xs ≤ x ≤ xn, and 0 ≤ φ ≤ ∆φc). The
surface y = y+ = ρ is then an internal infinity boundary
that will have to be taken into account in the calculation
of the action of the cold C instanton (see Sec. IVB). The
Lorentzian sector of this cold case describes two extreme
(y+ = y−) dS black holes being accelerated by the cos-
mological background and by the string, and the cold C
instanton describes pair creation of these extreme black
holes.
C. The Nariai C instanton
In the case of the Nariai C instanton, we require that
the size of the acceleration horizon yA is equal to the
size of the outer charged horizon y+. Let us label this
degenerated horizon by ρ: yA = y+ ≡ ρ and ρ < y−. In
this case, the function F(y) can be written as (onwards
the subscript “N” means Nariai)
FN(y) = ρ
2 − 3γ
ρ4
(y − yneg)(y − y−)(y − ρ)2 , (38)
9where γ is defined by (27), the roots ρ and yneg are
given by (28) and (29), and y− is given by y− =
γρ
ρ2−3γ
(
1 +
√
ρ2−2γ
γ
)
. The mass and the charge of the
solution are defined as a function of ρ by (31). The con-
ditions ρ < y− and q2 ≥ 0 require that for the Nariai C
instanton, the allowed range of ρ is√
3γ ≤ ρ <
√
6γ . (39)
The value of y− decreases monotonically with ρ and we
have
√
6γ < y− < +∞. Contrary to the cold C instan-
ton, the mass and the charge of the Nariai C instanton
are monotonically increasing functions of ρ, and as we go
from ρ =
√
3γ to ρ =
√
6γ we have
1
3
1√
Λ + 3A2
≤ mN <
√
2
3
1√
Λ + 3A2
,
0 ≤ qN < 1
2
1√
Λ + 3A2
. (40)
Note that ρ =
√
3γ implies q = 0. For a fixed Λ and
for a mass fixed between
√
1/(9Λ) ≤ m <
√
2/(9Λ),
the acceleration varies as
√
1/(27m2)− Λ/3 ≤ A <√
2/(27m2)− Λ/3.
At this point, one has apparently a problem that is
analogous to the one that occurs with the A = 0 neutral
Nariai instanton [54] and with the A = 0 charged Nariai
instanton [23, 39]. Indeed, as we said in the beginning
of this section, the allowed range of y in the Euclidean
sector is yA ≤ y ≤ y+ in order to obtain a positive def-
inite metric. But in the Nariai case yA = y+, and so it
seems that we are left with no space to work with in the
Euclidean sector. However, as in [23, 39, 54], the proper
distance between yA and y+ remains finite as yA → y+,
as is shown in detail in [60] where the Nariai C-metric
is constructed and analyzed. In what follows we briefly
exhibit the construction. We first set yA = ρ − ε and
y+ = ρ + ε, in order that ε << 1 measures the devia-
tion from degeneracy, and the limit yA → y+ is obtained
when ε→ 0. Now, we introduce a new time coordinate τ˜ ,
τ = 1εK τ˜ , and a new radial coordinate χ, y = ρ+ ε cosχ,
where χ = 0 and χ = π correspond, respectively, to the
horizons y+ and yA, and
K = 2(Λ + 3A
2)
A2ρ2
− 1 . (41)
Condition (39) implies 0 < K ≤ 1 with q = 0 ⇒ K = 1.
Then, in the limit ε → 0, from (8) and (38), we obtain
the gravitational field of the Nariai C instanton
ds2 =
R2(x)
K
(
sin2 χdτ˜2 + dχ2
)
+ R2(x) [G−1(x)dx2 + G(x)dφ2] . (42)
where χ runs from 0 to π, and
R2(x) = [A(x+ ρ)]−2 . (43)
In the new coordinates τ˜ and χ, the Maxwell field for the
magnetic case is still given by (10), while in the electric
case we have now
Fel = i
q
K sinχdτ˜ ∧ dχ . (44)
The period of τ˜ of the Nariai C instanton is simply
βN = 2π. The function G(x) is given by (9), with m and
q fixed by (31) for a given A, Λ and
√
3γ < ρ <
√
6γ.
Under these conditions the south and north pole (which
are the only real roots) are also given by (36) and (37).
The period of φ, ∆φN, that avoids the conical singularity
at the north pole (and leaves one at the south pole re-
sponsible for the presence of the string) is given by (12)
with xn defined in (36).
The topology of the Nariai C instanton is S2 × S2
(0 ≤ τ˜ ≤ βN, 0 ≤ χ ≤ π, xs ≤ x ≤ xn, and
0 ≤ φ ≤ ∆φN). The Nariai C instanton transforms into
the Nariai instanton when we take the limit A = 0 [60].
The Lorentzian sector is conformal to the direct topolog-
ical product of dS2 × S2, i.e., of a (1+1)-dimensional de
Sitter spacetime with a deformed 2-sphere of fixed size.
To each point in the sphere corresponds a dS2 space-
time, except for one point - the south pole - which cor-
responds a dS2 spacetime with a string [60]. When we
set A = 0 the S2 is a round 2-sphere free of the coni-
cal singularity and so, without the string. In this case it
has been shown [24, 54] that the Nariai solution decays
through the quantum tunnelling process into a slightly
non-extreme dS black hole pair (for a complete review
on this subject see, e.g., [60, 61]). We then naturally ex-
pect that an analogous quantum instability is present in
the Nariai C-metric. Therefore, the Nariai C instanton
describes the creation of a Nariai C universe that then de-
cays into a slightly non-extreme (yA ∼ y+) pair of black
holes accelerated by the cosmological background and by
the string.
We recall again that the neutral Nariai C instanton
withm = 13
1√
Λ+3A2
is the only regular Euclidean solution
that can be constructed from the dS C-metric when the
charge vanishes. The same feature is present in the A = 0
case where only the neutral Nariai instanton with m =
1
3
1√
Λ
is available [23, 24, 26, 54].
D. The ultracold C instanton
In the case of the ultracold C instanton, we require
that the size of the three horizons (yA, y+ and y−) is
equal, and let us label this degenerated horizon by ρ:
yA = y+ = y− ≡ ρ. In this case, the function F(y) can be
written as (onwards the subscript “u” means ultracold)
Fu(y) = ρ
2 − 3γ
ρ4
(y − yneg)(y − ρ)3 , (45)
where γ is defined by (27) and the roots ρ and yneg are
given by (28) and (29), respectively. Given the values of
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A and Λ, ρ can take only the value
ρ =
√
6γ . (46)
The mass and the charge of the solution, defined by (34),
are then given by
mu =
√
2
3
√
1
Λ + 3A2
,
qu =
1
2
√
1
Λ + 3A2
, (47)
and these values are the maximum values of the mass and
charge of both the cold and charged Nariai instantons.
Being a limiting case of both the cold C instanton and
of the charged Nariai C instanton, the ultracold C instan-
ton presents similar features. The appropriate analysis
of this solution (see [60] for a detailed discussion) re-
quires that we first set ρ =
√
6γ − ε and y− =
√
6γ + ε,
with ε << 1. Then, we introduce a new time coor-
dinate τ˜ , τ = 12ε2K τ˜ , and a new radial coordinate χ,
y =
√
6γ + ε cosh(
√
2εK χ), where K = 13
√
2A2
Λ+3A2 . Fi-
nally, in the limit ε → 0, from (8) and (45), we obtain
the gravitational field of the ultracold C instanton
ds2 = R2(x) [χ2 dτ˜2 + dχ2 + G−1(x)dx2 + G(x)dφ2] ,
with R2(x) =
(
Ax+
√
2(Λ + 3A2)
)−2
. (48)
Notice that the spacetime factor χ2 dτ˜2+ dχ2 is just Eu-
clidean space in Rindler coordinates, and therefore, under
the usual coordinate transformation, it can be putted in
the form dT 2 + dX2. χ = 0 corresponds to the Rindler
horizon and χ = +∞ corresponds an internal infinity
boundary. In the new coordinates τ˜ and χ, the Maxwell
field for the magnetic case is still given by (10), while in
the electric case we have now
Fel = −i q χ dτ˜ ∧ dχ . (49)
The period of τ˜ of the ultracold C instanton is simply
βu = 2π.
The function G(x) is given by (9), with m and q fixed
by (47) for a given A and Λ. Under these conditions the
south and north pole (which are the only real roots) are
also given by (36) and (37). The period of φ, ∆φu, that
avoids the conical singularity at the north pole is given
by (12) with xn defined in (36).
The topology of the ultracold C instanton is R2 × S2,
since χ = +∞ is at an infinite proper distance (0 ≤ τ˜ ≤
βu, 0 ≤ χ ≤ ∞, xs ≤ x ≤ xn, and 0 ≤ φ ≤ ∆φu). The
surface χ = +∞ is then an internal infinity boundary
that will have to be taken into account in the calcula-
tion of the action of the ultracold C instanton (see Sec.
IVD). The ultracold C instanton transforms into the
ultracold instanton when we take the limit A = 0 [60].
The Lorentzian sector is conformal to the direct topolog-
ical product of M1,1 × S2, i.e., of a (1+1)-dimensional
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FIG. 1: Relation q
√
Λ+ 3A2 vs m
√
Λ + 3A2 for a fixed value
of A and Λ for the four dS C instantons. OL represents the
lukewarm C instanton (m = q), OU represents the cold C
instanton, NLU represents the Nariai C instanton, and U
represents the ultracold C instanton. Point N represents the
neutral Nariai C instanton, the only instanton for the un-
charged case. When we set Λ = 0 we obtain the charge/mass
relation of the flat C-metric and flat Ernst instantons, and
setting A = 0 yields the charge/mass relation for the dS in-
stantons [23]. This reveals the close link that exists between
the instantons that describe the pair creation process in dif-
ferent backgrounds. c1 = 1/3, c2 =
√
3/4 and c3 =
√
2/3.
Minkowski spacetime with a deformed 2-sphere of fixed
size. To each point in the sphere corresponds a M1,1
spacetime, except for one point - the south pole - which
corresponds a M1,1 spacetime with a string [60]. We
can, appropriately, label this solution as Nariai Bertotti-
Robinson C universe (see [60]). When we set A = 0
the S2 is a round 2-sphere free of the conical singularity
and so, without the string. In an analogous way to the
Nariai C universe, the Nariai Bertotti-Robinson C uni-
verse is unstable and decays into a slightly non-extreme
(yA ∼ y+ ∼ y−) pair of black holes accelerated by the
cosmological background and by the string. The ultra-
cold C instanton mediates this decay.
The allowed range of m and q for each one of the four
C instantons is sketched in Fig. 1.
IV. CALCULATION OF THE BLACK HOLE
PAIR CREATION RATES
In the last section we have found the regular dS C
instantons that can be interpreted as describing a circu-
lar motion in the Euclidean sector of the solution with a
period β. Each of these instantons is the Euclidean con-
tinuation of a Lorentzian solution that describes a pair
of black holes that start at rest at the creation moment,
and then run hyperbolically in opposite directions, due
to a string that accelerates them. Now, in order to com-
pute the pair creation rate of the corresponding black
holes, we have to slice the instanton, the Euclidean tra-
jectory, in half along τ = 0 and τ = β/2, where the ve-
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locities vanish. The resulting geometry is precisely that
of the moment of closest approach of the black holes in
the Lorentzian sector of the dS C-metric, and in this way
the Euclidean and Lorentzian solutions smoothly match
together. In particular, the extrinsic curvature vanishes
for both surfaces and therefore, they can be glued to each
other.
In this section, we will compute the black hole pair
creation rates given in (4) or (5) for each one of the
four cases considered in Sec. III. Moreover, we will also
compute the pair creation rate of black holes whose nu-
cleation process is described by sub-maximal instantons.
For the reason explained in Sec. II, the magnetic ac-
tion will be evaluated using (6), while the electric action
will be computed using (7). In general, in (6) and (7)
we identify Σ = ∂M with the surfaces of zero extrinsic
curvature discussed just above. It then follows that the
boundary term
∫
Σ
d3x
√
hK vanishes. However, as we
already mentioned in Sec. s III B and III D, in the cold
and ultracold case we have in addition an internal infin-
ity boundary, Σint∞ , for which the boundary action term
does not necessarily vanish.
The domain of validity of our results is the particle
limit, mA ≪ 1, for which the radius of the black hole,
r+ ∼ m, is much smaller than the typical distance be-
tween the black holes at the creation moment, ℓ ∼ 1/A.
In order to compute the black hole pair creation rate
given by (4) or (5), we need to find Istring and IdS. The
evaluation of the action of the string instanton that me-
diates the nucleation of a string in the dS spacetime is
done using (14) and (15), yielding
Istring = − 1
16π
∫
M
d4x
√
g (R− 2Λ)
= − 3π
2Λ
G′(xs)
|G′(xn)| , (50)
where the integration over τ has been done in the interval
[0, β0/2] with β0 = 2π/
√
1 + Λ/(3A 20 ), the integration
range of x was [−1, 1], the integration interval of y was
[
√
1 + Λ/(3A 20 ) ,∞], and R = 4Λ.
The action of the S4 gravitational instanton that me-
diates the nucleation of the dS spacetime is [24, 26]
IdS = − 3π
2Λ
. (51)
The nucleation rate of a string in a dS background is
then given by (3). For the particle limit, mA ≪ 1, the
mass density of the string, µ, is given by µ ≃ mA and
Γstring/dS ∼ e−12π
µ
Λ . (52)
Thus, the nucleation probability of a string in the dS
background decreases when its mass density increases.
A. The lukewarm C pair creation rate
We first consider the magnetic case, whose Euclidean
action is given by (6), and then we consider the electric
case, using (7), and we verify that these two quantities
give the same numerical value. The boundary Σ = ∂M
that appears in (6) consists of an initial spatial surface at
τ = 0 plus a final spatial surface at τ = βℓ/2. We label
these two 3-surfaces by Στ . Each one of these two spatial
3-surfaces is delimitated by a 2-surface at the accelera-
tion horizon and by a 2-surface at the outer black hole
horizon. The two surfaces Στ are connected by a time-
like 3-surface that intersects Στ at the frontier yA and
by a timelike 3-surface that intersects Στ at the frontier
y+. We label these two timelike 3-surfaces by Σh. Thus
Σ = Στ + Σh, and the region M within it is compact.
With the analysis of section IIIA, we can compute all
the terms of action (6). We start with
− 1
16π
∫
M
d4x
√
g (R− 2Λ) =
− 1
16π
∫
∆φℓ
dφ
∫ βℓ/2
0
dτ
∫ xn
xs
dx
∫ y+
yA
dy
2Λ
[A(x+ y)]
4 , (53)
where we have used R = 4Λ, and yA and y+ are given by
(19), xs and xn are defined by (25), and βℓ and ∆φℓ are
respectively given by (22) and (25). The Maxwell term
in the action yields
1
16π
∫
M
d4x
√
g F 2mag=
q2
16π
∆φℓ βℓ (xn − xs)(y+ − yA) ,
(54)
where we have used F 2mag = 2q
2A4(x+y)4 [see (10)], and∫
Σ d
3x
√
hK = 0. Adding all these terms yields for the
magnetic action (6)
Iℓmag = −
3π
16Λ
1
8mA
(
1−
√
1− 4mA
1 + 4mA
)
×
(
1 +
√
1− (4mA)2 − 4m√
3
√
Λ + 3A2
)
, (55)
and, given that the string is already present in the initial
system, the pair creation rate of nonextreme lukewarm
black holes when the cosmic string breaks is
ΓℓBHs/string = η e
−2Iℓmag+2Istring , (56)
where (50) yields Istring = − 3π2Λ
√
1−4mA√
1+4mA
, and η is the one-
loop contribution not computed here. Iℓmag is a monoton-
ically increasing function of both m and A (for a fixed
Λ). When we take the limit A = 0 of (55) we get
Iℓmag
∣∣∣∣
A→0
= − 3π
2Λ
+ πm
√
3
Λ
, (57)
recovering the action for the A = 0 lukewarm instanton
[23], that describes the pair creation of two non-extreme
dS−Reissner-Nordstro¨m black holes accelerated only by
the cosmological constant.
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FIG. 2: Plot of Iℓ/IdS as a function of m and A for a fixed
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In the electric case, the Euclidean action is given by
(7) with F 2el = −2q2A4(x+ y)4 [see (11)]. Thus,
1
16π
∫
M
d4x
√
g F 2el = −
1
16π
∫
M
d4x
√
g F 2mag . (58)
In order to compute the extra Maxwell boundary term
in (7) we have to find a vector potential, Aν , that is
regular everywhere including at the horizons. An ap-
propriate choice in the lukewarm case is Ay = −i q τ ,
which obviously satisfies (11). The integral over Σ con-
sists of an integration between yA and y+ along the τ = 0
surface and back along τ = βℓ/2, and of an integration
between τ = 0 and τ = βℓ/2 along the y = y+ surface
and back along the y = yA surface. The normal to Στ
is nµ = (
√
F/[A(x + y)], 0, 0, 0), and the normal to Σh
is nµ = (0,
√
F/[A(x + y)], 0, 0). Thus FµνnµAν = 0 on
Σh, and the non-vanishing contribution comes only from
the integration along the τ = βℓ/2 surface. The Maxwell
boundary term in (7), − 14π
∫
Σ
d3x
√
hFµνnµAν , is then
− 1
4π
∫
Στ=βℓ/2
d3x
√
gyygxxgφφ F
τynτAy =
q2
8π
∆φℓ βℓ (xn − xs)(y+ − yA) . (59)
Adding (53), (58) and (59) yields for the electric action
(7)
Iℓel = I
ℓ
mag , (60)
where Iℓmag is given by (55).
In Fig. 2 we show a plot of Iℓ/IdS as a function of
m and A for a fixed Λ, where IdS = − 3π2Λ is the ac-
tion of de Sitter space. Given the pair creation rate,
ΓℓBHs/string ∝ e−2I
ℓ
mag+2Istring , we conclude that, for a
fixed Λ and A, as the mass and charge of the luke-
warm black holes increase, the probability they have to
be pair created decreases monotonically. Moreover, for a
fixed mass and charge, this probability increases mono-
tonically as the acceleration provided by the string in-
creases. Alternatively, we can discuss the behavior of
ΓℓBHs/dS ∝ e−2I
ℓ
mag+2IdS . In this case, for a fixed mass
and charge, the probability decreases monotonically as
the acceleration of the black holes increases.
B. The cold C pair creation rate
We first consider the magnetic case, whose Euclidean
action is given by (6). The boundary that appears in (6)
is given by Σ = Στ + Σh + Σ
int
∞ , where Στ is a spatial
surface at τ = 0 and τ = βc/2, Σh is a timelike 3-surface
at y = yA, and the timelike 3-surface Σ
int
∞ is an internal
infinity boundary at y = y+ = ρ. With the analysis of
Sec. III B, we can compute all the terms of action (6).
We start with
− 1
16π
∫
M
d4x
√
g (R− 2Λ) =
− 1
16π
∫
∆φc
dφ
∫ βc/2
0
dτ
∫ xn
xs
dx
∫ ρ
yA
dy
2Λ
[A(x+ y)]
4 , (61)
where we have used R = 4Λ, and ρ and yA are respec-
tively given by (28) and (30), xs and xn are defined by
(36), and βc and ∆φc are, respectively, given by (35) and
(12). The Maxwell term in the action yields
1
16π
∫
M
d4x
√
g F 2mag=
q2
16π
∆φc βc (xn − xs)(ρ− yA) ,
(62)
where we have used F 2mag = 2q
2A4(x+y)4 [see (10)], and∫
Σ
d3x
√
hK = 0. Adding all these terms yields for the
magnetic action (6) of the cold case
Icmag = −
∆φc
8A2
xn − xs
(xn + yA)(xs + yA)
. (63)
Given that the string is already present in the initial sys-
tem, the pair creation rate of extreme cold black holes
when the string breaks is ΓcBHs/string = η e
−2Icmag+2Istring ,
where Istring is given by (50), and η is the one-loop con-
tribution not computed here. In Fig. 3 we show a
plot of Icmag/IdS as a function of m and A for a fixed
Λ. Given the pair creation rate, ΓcBHs/string, we con-
clude that for a fixed Λ and A as the mass and charge
of the cold black holes increases, the probability they
have to be pair created decreases monotonically. More-
over, for a fixed mass and charge, this probability in-
creases monotonically as the acceleration of the black
holes increases. Alternatively, we can discuss the be-
havior of ΓcBHs/dS ∝ e−2I
c
mag+2IdS . In this case, for a
fixed mass and charge, the probability decreases mono-
tonically as the acceleration of the black holes increases.
When we take the limit A = 0 we recover the action for
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FIG. 3: Plot of Ic/IdS as a function of m and A for a fixed Λ,
where Ic is the action of the cold C instanton, given in (63),
and IdS = − 3π2Λ is the action of de Sitter space (see text of
Sec. IVB). The plot for the ultracold C action, given in (74),
is also represented by the curve BC (see text of Sec. IVD).
m1 = 1/(3
√
Λ), m2 =
√
3/(4
√
Λ) and m3 =
√
2/(3
√
Λ).
the A = 0 cold instanton [23], which lies in the range
− 3π2Λ ≤ Icmag
∣∣
A→0 ≤ − π4Λ , and which describes the pair
creation of extreme dS−Reissner-Nordstro¨m black holes
accelerated only by the cosmological constant.
In the electric case, the Euclidean action is given by
(7) with F 2el = −2q2A4(x+ y)4 [see (11)]. Thus,
1
16π
∫
M
d4x
√
g F 2el = −
1
16π
∫
M
d4x
√
g F 2mag . (64)
In order to compute the extra Maxwell boundary term in
(7) we have to find a vector potential, Aν , that is regular
everywhere including at the horizons. An appropriate
choice in the cold case is Ay = −i q τ , which obviously
satisfies (11). Analogously to the lukewarm case, the non-
vanishing contribution to the Maxwell boundary term in
(7) comes only from the integration along the τ = βc/2
surface, and is given by
− 1
4π
∫
Στ=βc/2
d3x
√
gyygxxgφφ F
τynτAy =
q2
8π
∆φc βc (xn − xs)(ρ− yA) . (65)
Adding (64) and (65) yields (62). Thus, the electric ac-
tion (7) of the cold instanton is equal to the magnetic
action, Icel = I
c
mag, and therefore electric and magnetic
cold black holes have the same probability of being pair
created.
C. The Nariai C pair creation rate
The Nariai C instanton is the only one that can have
zero charge. We will first consider the charged Nariai C
instanton and then the neutral Nariai C instanton.
We start with the magnetic case, whose Euclidean ac-
tion is given by (6). The boundary that appears in (6)
is given by Σ = Στ˜ + Σh, where Στ˜ is a spatial surface
at τ˜ = 0 and τ˜ = π, and Σh is a timelike 3-surface at
χ = 0 and χ = π. With the analysis of Sec. III C, we can
compute all the terms of action (6). We start with
− 1
16π
∫
M
d4x
√
g (R− 2Λ) =
− 1
16π
∫
∆φN
dφ
∫ π
0
dτ˜
∫ xn
xs
dx
∫ π
0
dχ
2Λ sinχ
[A(x + ρ)]
4K , (66)
where we have used R = 4Λ, xs and xn are defined by
(36), and ∆φN is given by (12). The Maxwell term in the
action yields
1
16π
∫
M
d4x
√
g F 2mag =
q2
4K ∆φN (xn − xs) , (67)
where we have used F 2mag = 2q
2A4(x+ρ)4 [see (10)], and∫
Σ d
3x
√
hK = 0. Adding these three terms yields the
magnetic action (6) of the Nariai case
INmag = −
∆φN
4A2
xn − xs
(xn + ρ)(xs + ρ)
, (68)
where m and q are subjected to (40). Given that the
string is already present in the initial system, the pair cre-
ation rate of extreme Nariai black holes when the string
breaks is ΓNBHs/string = η e
−2INmag+2Istring , where Istring is
given by (50), and η is the one-loop contribution not
computed here. In Fig. 4 we show a plot of INmag/IdS
as a function of m and A for a fixed Λ. Given the pair
creation rate, ΓNBHs/string, we conclude that for a fixed Λ
and A as the mass and charge of the Nariai black holes
increases, the probability they have to be pair created
decreases monotonically. Moreover, for a fixed mass and
charge, this probability increases monotonically as the
acceleration of the black holes increases. Alternatively,
we can discuss the behavior of ΓNBHs/dS ∝ e−2I
N
mag+2IdS .
In this case, for a fixed mass and charge, the probability
decreases monotonically as the acceleration of the black
holes increases. When we take the limit A = 0 we re-
cover the action for the A = 0 Nariai instanton [23, 39],
which lies in the range − πΛ ≤ INmag
∣∣
A→0 ≤ − π2Λ , and that
describes the nucleation of a Nariai universe that is un-
stable [24, 54, 61] and decays through the pair creation of
extreme dS−Reissner-Nordstro¨m black holes accelerated
only by the cosmological constant.
In the electric case, the Euclidean action is given by
(7) with F 2el = −2q2A4(x+ ρ)4 [see (44)]. Thus,
1
16π
∫
M
d4x
√
g F 2el = −
1
16π
∫
M
d4x
√
g F 2mag . (69)
In order to compute the extra Maxwell boundary term in
(7), the appropriate vector potential, Aν , that is regular
everywhere including at the horizons is Aχ = i
q
K τ˜ sinχ,
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FIG. 4: Plot of IN/IdS as a function of m and A for a fixed
Λ, where IN is the action of the cold C instanton, given in
(68), and IdS = − 3π2Λ is the action of de Sitter space. The
neutral Nariai plot is sketched by the curve DE (see text of
Sec. IVC). The curve BC represents two times the ultracold
C action, given in (74). m1 = 1/(3
√
Λ), m2 =
√
3/(4
√
Λ) and
m3 =
√
2/(3
√
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which obviously satisfies (44). The integral over Σ con-
sists of an integration between χ = 0 and χ = π along
the τ˜ = 0 surface and back along τ˜ = π, and of an in-
tegration between τ˜ = 0 and τ˜ = π along the χ = 0
surface, and back along the χ = π surface. The unit nor-
mal to Στ˜ is nµ = (
sinχ√KA(x+ρ) , 0, 0, 0), and F
µνnµAν = 0
on Σh. Therefore, the non-vanishing contribution to the
Maxwell boundary term in (7), − 14π
∫
Σ
d3x
√
hFµνnµAν ,
comes only from the integration along the τ˜ = π surface
and is given by
− 1
4π
∫
Στ˜=π
d3x
√
h F τ˜χnτ˜Aχ =
q2
2K ∆φN (xn − xs) . (70)
Adding (69) and (70) yields (67). So, the electric ac-
tion (7) of the charged Nariai instanton is equal to the
magnetic action, INel = I
N
mag, and therefore electric and
magnetic charged Nariai black holes have the same prob-
ability of being pair created.
Now, we discuss the neutral Nariai C instanton. This
instanton is particulary important since it is the only reg-
ular Euclidean solution available when we want to eval-
uate the pair creation of neutral black holes. The same
feature is present in the A = 0 case where only the neu-
tral Nariai instanton is available [23, 24, 26, 54]. The
action of the neutral Nariai C instanton is simply given
by (66) and, for a fixed Λ and A, it is always smaller
than the action of the charged Nariai C instanton (see
line DE in Fig. 4): INcharged > I
N
neutral > IdS. Thus the
pair creation of charged Nariai black holes is suppressed
relative to the pair creation of neutral Nariai black holes,
and both are suppressed relative to the dS space.
D. The ultracold C pair creation rate
We first consider the magnetic case, whose Euclidean
action is given by (6). The boundary that appears in (6)
is given by Σ = Στ˜ + Σh + Σ
int
∞ , where Στ˜ is a spatial
surface at τ˜ = 0 and τ˜ = π, Σh is a timelike 3-surface
at the Rindler horizon χ = 0, and the timelike 3-surface
Σint∞ is an internal infinity boundary at χ = ∞. With
the analysis of Sec. III D, we can compute all the terms
of action (6). We start with − 116π
∫
M d
4x
√
g (R− 2Λ)
which yields (using R = 4Λ)
− 1
16π
∫
∆φu
dφ
∫ π
0
dτ˜
∫ xn
xs
dx
∫ χ0
0
dχ
2Λχ
(Ax+ ρ)4
=
− Λ
16
∆φu χ
2
0
∫ xn
xs
dx
1
(Ax +Aρ)4
∣∣∣∣
χ0→∞
, (71)
where xs and xn are defined by (36) and (47), and ∆φu
is given by (12). The Maxwell term in the action yields
1
16π
∫
M
d4x
√
g F 2mag =
q2
16
∆φu χ
2
0 (xn − xs)
∣∣∣∣
χ0→∞
, (72)
where we have used F 2mag = 2q
2A4(x+ρ)4 [see (10)] with
ρ =
√
2(Λ + 3A2). Due to the fact that χ0 →∞ it might
seem that the contribution from (71) and (72) diverges.
Fortunately this is not the case since these two terms
cancel each other. Trying to verify this analytically is
cumbersome, but for our purposes we can simply fix any
numerical value for Λ and A, and using (47) and (36) we
indeed verify that (71) and (72) cancel each other.
Now, contrary to the other instantons, the ultracold C
instanton has a non-vanishing extrinsic curvature bound-
ary term, − 116π
∫
Σ
d3x
√
hK 6= 0, due to the internal
infinity boundary (Σint∞ at χ = ∞) contribution. The
extrinsic curvature to Σint∞ is Kµν = h
α
µ ∇αnν , where
nν = (0,
1
A(x+ρ) , 0, 0) is the unit outward normal to Σ
int
∞ ,
h αµ = g
α
µ − nµnα = (1, 0, 1, 1) is the projection ten-
sor onto Σint∞ , and ∇α represents the covariant derivative
with respect to gµν . Thus the trace of the extrinsic cur-
vature to Σint∞ is K = g
µνKµν = A(x+ ρ)/χ, and
− 1
8π
∫
Σ
d3x
√
hK =
− 1
8π
∫
∆φu
dφ
∫ π
0
dτ˜
∫ xn
xs
dx
1
(Ax +Aρ)2
. (73)
The magnetic action (6) of the ultracold C instanton is
then
Iumag =
−π
4
[
xn
(
1 +A
√
2
Λ + 3A2
xn +
A2
2(Λ + 3A2)
x2n
)]−1
× xn − xs[
Axn +
√
2(Λ + 3A2)
] [
Axs +
√
2(Λ + 3A2)
] , (74)
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where xs and xn are defined by (36) and (47). When we
take the limit A = 0 we get xs = −1 and xn = 1, and
Iumag
∣∣∣∣
A→0
= − π
4Λ
, (75)
and therefore we recover the action for the A = 0 ul-
tracold instanton [23], that describes the pair creation of
ultracold black holes accelerated only by the cosmological
constant.
In Fig. 2 we show a plot of Iumag/IdS as a function
of m and A for a fixed Λ. When we fix Λ and A we
also fix the mass and charge of the ultracold black holes.
For a fixed Λ, when A increases the probability of pair
creation of ultracold black holes, ΓuBHs/string, increases
monotonically and they have a lower mass and charge.
Alternatively, we can discuss the behavior of ΓuBHs/dS. In
this case, the probability decreases monotonically as the
acceleration of the black holes increases.
In the electric case, the Euclidean action is given by
(7) with F 2el = −2q2A4(x+ ρ)4 [see (49)]. Thus,
1
16π
∫
M
d4x
√
g F 2el = −
1
16π
∫
M
d4x
√
g F 2mag . (76)
In the ultracold case the vector potential Aν , that is
regular everywhere including at the horizon, needed to
compute the extra Maxwell boundary term in (7) is
Aτ˜ = i
q
2 χ
2, which obviously satisfies (49). The inte-
gral over Σ consists of an integration between χ = 0 and
χ = ∞ along the τ˜ = 0 surface and back along τ˜ = π,
and of an integration between τ˜ = 0 and τ˜ = π along
the χ = 0 surface, and back along the internal infinity
surface χ = ∞. The non-vanishing contribution to the
Maxwell boundary term in (7) comes only from the inte-
gration along the internal infinity boundary Σint∞ , and is
given by
− 1
4π
∫
Σint
∞
d3x
√
gτ˜ τ˜gxxgφφ F
χτ˜nχAτ˜ =
q2
8
∆φu χ
2
0 (xn − xs)
∣∣∣∣
χ0→∞
. (77)
Adding (76) and (77) yields (72). Thus, the electric ac-
tion (7) of the ultracold C instanton is equal to the mag-
netic action, Iuel = I
u
mag, and therefore electric and mag-
netic ultracold black holes have the same probability of
being pair created.
E. Pair creation rate of nonextreme sub-maximal
black holes
The lukewarm, cold, Nariai and ultracold C-metric in-
stantons are saddle point solutions free of conical singu-
larities both in the y+ and yA horizons. The correspond-
ing black holes may then nucleate in the dS background
when a cosmic string breaks, and we have computed their
pair creation rates in the last four subsections. However,
these particular black holes are not the only ones that can
be pair created. Indeed, it has been shown in [8, 9] that
Euclidean solutions with conical singularities may also
be used as saddle points for the pair creation process. In
this way, pair creation of nonextreme sub-maximal black
holes is allowed (by this nomenclature we mean all the
nonextreme black holes other than the lukewarm ones
that are in the region interior to the close line NOUN in
Fig. 1), and their pair creation rate may be computed.
In order to calculate this rate, the action is given by (6)
and (7) (in the magnetic and electric cases respectively)
and, in addition, it has now an extra contribution from
the conical singularity (c.s.) that is present in one of the
horizons (y+, say) given by [54, 62]
1
16π
∫
M
d4x
√
g (R− 2Λ)
∣∣∣∣
c.s. at y+
=
A+ δ
16π
, (78)
where A+ =
∫
y=y+
√
gxxgφφ dx dφ is the area of the 2-
surface spanned by the conical singularity, and
δ = 2π
(
1− βA
β+
)
(79)
is the deficit angle associated to the conical singularity
at the horizon y+, with βA = 4π/|F ′(yA)| and β+ =
4π/|F ′(y+)| being the periods of τ that avoid a conical
singularity in the horizons yA and y+, respectively. The
contribution from (6) and (7) follows straightforwardly
in a similar way as the one shown in subsection IVA
with the period of τ , βA, chosen in order to avoid the
conical singularity at the acceleration horizon, y = yA.
The full Euclidean action for general nonextreme sub-
maximal black holes is then
I=
∆φ
A2
(
xn − xs
(xn + yA)(xs + yA)
+
xn − xs
(xn + y+)(xs + y+)
)
,
(80)
where ∆φ is given by (12), and the pair creation rate of
nonextreme sub-maximal black holes is given by (4) or
(5) with the use of (50) and (51). In order to compute
(80), we need the relation between the parameters A, Λ,
m, q, and the horizons yA, y+ and y−. In general, for a
nonextreme solution with horizons yA < y+ < y−, one
has
F(y) = − 1
µ
(y − yA)(y − y+)(y − y−)(ay + b) , (81)
with
µ = yAy+y−(yA + y+ + y−) + (yAy+ + yAy− + y+y−)2
a = (yAy+ + yAy− + y+y−)
b = yAy+y− . (82)
The parameters A, Λ, m and q can be expressed as a
function of yA, y+ and y− by
Λ
3A2
= µ−2(yAy+y−)2 − 1
16
q2A2 = µ−1(yAy+ + yAy− + y+y−)
mA = (2 σ)−1(yA + y+)(yA + y−)(y+ + y−)
σ = y2Ay+y− + yAy
2
+y− + yAy+y
2
− + (yAy+)
2
+(yAy−)2 + (y+y−)2 . (83)
The allowed values of parameters m and q are those con-
tained in the interior region defined by the close line
NOUN in Fig. 1.
V. ENTROPY, AREA AND PAIR CREATION
RATE
In previous works on black hole pair creation in general
background fields it has been well established that the
pair creation rate is proportional to the exponential of the
gravitational entropy S of the system, Γ ∝ eS , with the
entropy being given by one quarter of the the total area
A of all the horizons present in the instanton, S = A/4.
In what follows we will verify that these relations also
hold for the instantons of the dS C-metric.
A. The lukewarm C case. Entropy and area
In the lukewarm case, the instanton has two horizons
in its Euclidean section, namely the acceleration horizon
at y = yA and the black hole horizon at y = y+. So, the
total area of the lukewarm C instanton is
Aℓ =
∫
y=yA
√
gxxgφφ dx dφ +
∫
y=y+
√
gxxgφφ dx dφ =
∆φℓ
A2
(
xn − xs
(xn + yA)(xs + yA)
+
xn − xs
(xn + y+)(xs + y+)
)
,
(84)
where yA and y+ are given by (19), xs and xn are defined
by (25), and ∆φℓ is given by (25). It is straightforward
to verify that Aℓ = −8Iℓ, where Iℓ is given by (55), and
thus Γℓ ∝ eSℓ , where Sℓ = Aℓ/4.
B. The cold C case. Entropy and area
In the cold case, the instanton has a single horizon, the
acceleration horizon at y = yA, in its Euclidean section,
since y = y+ is an internal infinity. So, the total area of
the cold C instanton is
Ac=
∫
y=yA
√
gxxgφφ dx dφ=
∆φc
A2
xn − xs
(xn + yA)(xs + yA)
,
(85)
where yA is given by (30), xs and xn are defined by (36),
and ∆φc is given by (12). Thus, Ac = −8Ic, where Ic is
given by (63), and thus Γc ∝ eSc , where Sc = Ac/4.
C. The Nariai C case. Entropy and area
In the Nariai case, the instanton has two horizons in
its Euclidean section, namely the acceleration horizon yA
and the black hole horizon y+, both at y = ρ, and thus
they have the same area. So, the total area of the Nariai
C instanton is
AN=2
∫
y=ρ
√
gxxgφφ dx dφ=2
∆φN
A2
xn − xs
(xn + ρ)(xs + ρ)
,
(86)
where
√
3γ ≤ ρ < √6γ, xs and xn are defined by (36),
and ∆φN is given by (12), with m and q subjected to
(40). Thus, AN = −8IN, where IN is given by (68), and
thus ΓN ∝ eSN , where SN = AN/4.
D. The ultracold C case. Entropy and area
In the ultracold case, the instanton has a single hori-
zon, the Rindler horizon at χ = 0, in its Euclidean sec-
tion, since χ = ∞ is an internal infinity. So, the total
area of the ultracold C instanton is
Au=
∫
χ=0
√
gxxgφφ dx dφ =
∆φu
A2
xn − xs
(xn + ρ)(xs + ρ)
, (87)
with ρ =
√
2(Λ + 3A2) [see (46)], xs and xn are defined
by (36), and ∆φc is given by (12), withm and q subjected
to (47). It straightforward to verify that Au = −8Iu,
where Iu is given by (74), and thus Γu ∝ eSu , where
Su = Au/4.
As we have already said, the ultracold C instanton is
a limiting case of both the charged Nariai C instanton
and the cold C instanton (see, e.g., Fig. 1). Then, as
expected, the action of the cold C instanton gives, in this
limit, the action of the ultracold C instanton (see Fig.
3). However, the ultracold frontier of the Nariai C action
is given by two times the ultracold C action (see Fig. 4).
From the results of this section we clearly understand
the reason for this behavior. Indeed, in the ultracold
case and in the cold case, the respective instantons have
a single horizon (the other possible horizon turns out
to be an internal infinity). This horizon gives the only
contribution to the total area, A, and therefore to the
pair creation rate. In the Nariai case, the instanton has
two horizons with the same area, and thus the ultracold
limit of the Nariai action is doubled with respect to the
true ultracold action.
E. The nonextreme sub-maximal case. Entropy
and area
In the lukewarm case, the instanton has two horizons
in its Euclidean section, namely the acceleration horizon
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at y = yA and the black hole horizon at y = y+. So, the
total area of the saddlepoint solution is
A =
∫
y=yA
√
gxxgφφ dx dφ+
∫
y=y+
√
gxxgφφ dx dφ , (88)
and once again one has A = −8I, where I is given by
(80), and thus Γ ∝ eS , where S = A/4.
VI. SUMMARY AND DISCUSSION
We have studied in detail the quantum process in
which a cosmic string breaks in a de Sitter (dS) back-
ground and a pair of black holes is created at the ends of
the string. The energy to materialize and accelerate the
pair comes from the positive cosmological constant and
from the string tension. This process is a combination
of the processes considered in [21]-[26], where the cre-
ation of a black hole pair in a dS background has been
analyzed, and in [29]-[32], where the breaking of a cos-
mic string accompanied by the creation of a black hole
pair in a flat background has been studied. We remark
that in principle our explicit values for the pair creation
rates also apply to the process of pair creation in an ex-
ternal electromagnetic field, with the acceleration being
provided in this case by the Lorentz force instead of being
furnished by the string tension. Indeed, there is no dS
Ernst solution, and thus we cannot discuss analytically
the process. However, physically we could in principle
consider an external electromagnetic field that supplies
the same energy and acceleration as our strings and, from
the results of the Λ = 0 case (where the pair creation
rates in the string and electromagnetic cases agree), we
expect that the pair creation rates found in this paper do
not depend on whether the energy is being provided by
an external electromagnetic field or by a string.
We have constructed the saddle point solutions that
mediate the pair creation process through the analytic
continuation of the dS C-metric, and we have explicitly
computed the nucleation rate of the process (see also a
heuristic derivation of the rate in the Appendix). Glob-
ally our results state that the dS space is stable against
the nucleation of a string, or against the nucleation of a
string followed by its breaking and consequent creation
of a black hole pair. In particular, we have answered
three questions. First, we have concluded that the nucle-
ation rate of a cosmic string in a dS background Γstring/dS
decreases when the mass density of the string increases.
Second, given that the string is already present in our
initial system, the probability ΓBHs/string that it breaks
and a pair of black holes is produced and accelerated
apart by Λ and by the string tension increases when the
mass density of the string increases. In other words, a
string with a higher mass density makes the process more
probable, for a fixed black hole mass. Third, if we start
with a pure dS background, the probability ΓBHs/dS that
a string nucleates on it and then breaks forming a pair
of black holes decreases when the mass density of the
string increases. These processes have a clear analogy
with a thermodynamical system, with the mass density
of the string being the analogue of the temperature T .
Indeed, from the Boltzmann factor, e−E0/(kBT ) (where
kB is the Boltzmann constant), one knows that a higher
background temperature turns the nucleation of a parti-
cle with energy E0 more probable. However, in order to
have a higher temperature we have first to furnish more
energy to the background, and thus the global process
(increasing the temperature to the final value T plus the
nucleation of the particle) becomes energetically less fa-
vorable as T increases.
We have also verified that the relation between the
rate, entropy and area, which is satisfied for all the black
hole pair creation processes analyzed so far, also holds in
the process studied in this paper. Indeed, the pair cre-
ation rate is proportional to eS , where S is the gravita-
tional entropy of the system, and is given by one quarter
of the total area of all the horizons present in the saddle
point solution that mediates the pair creation.
To conclude let us recall that the dS C-metric allows
two distinct physical interpretations. In one of them one
removes the conical singularity at the north pole and
leaves one at the south pole. In this way the dS C-
metric describes a pair of black holes accelerated away
by a string with positive mass density. Alternatively, we
can avoid the conical singularity at the south pole and
in this case the black holes are pushed away by a strut
(with negative mass density) in between them, along
their north poles. In this paper we have adopted the
first choice. Technically, the second choice only changes
the period of the angular coordinate φ: it would be given
by ∆φ = 4π|G′(xs)| instead of (12). We have chosen the first
choice essentially for two reasons. First, the string has
a positive mass density and, in this sense, it is a more
physical solution than the strut. Second, in order to get
the above string/pair configuration we only have to cut
the string in a point. The string tension does the rest
of the work. However, if we desire the strut/pair system
described above we would have to cut the strut in two
different points. Then we would have to discard somehow
the segment that joins the black holes along their south
poles.
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APPENDIX: HEURISTIC DERIVATION OF THE
NUCLEATION RATES
In order to clarify the physical interpretation of the
results, in this Appendix we heuristically derive the nu-
cleation rates for the processes discussed in the main
body of the paper. We know that an estimate for the
nucleation probability is given by the Boltzmann factor,
Γ ∼ e−E0/Wext , where E0 is the energy of the system
that nucleates and Wext = Fℓ is the work done by the
external force F , that provides the energy for the nu-
cleation, through the typical distance ℓ separating the
created pair.
Forget for a moment the string, and ask what is the
probability that a black hole pair is created in a dS back-
ground. This process has been discussed in [23] where it
was found that the pair creation rate is Γ ∼ e−m/
√
Λ. In
this case, E0 ∼ 2m, where m is the rest energy of the
black hole, and Wext ∼
√
Λ is the work provided by the
cosmological background. To derive Wext ∼
√
Λ one can
argue as follows. In the dS case, the Newtonian poten-
tial is Φ = Λr2/3 and its derivative yields the force per
unit mass or acceleration, Λr, where r is the character-
istic dS radius, Λ−1/2. The force can then be written as
F = mass× acceleration ∼ √Λ√Λ, where the character-
istic mass of the system is
√
Λ. Thus, the characteristic
work is Wext = force× distance ∼ ΛΛ−1/2 ∼
√
Λ, where
the characteristic distance that separates the pair at the
creation moment is Λ−1/2. So, from the Boltzmann fac-
tor we indeed expect that the creation rate of a black
hole pair in a dS background is given by Γ ∼ e−m/
√
Λ
[23].
A question that has been answered in the present paper
was: given that a string is already present in our initial
system, what is the probability that it breaks and a pair
of black holes is produced and accelerated apart by Λ and
by the string tension? The presence of the string leads
in practice to a problem in which we have an effective
cosmological constant that satisfies Λ′ ≡ Λ+3A2, that is,
the accelerationA provided by the string makes a positive
contribution to the process. Heuristically, we may then
apply the same arguments that have been used in the
last paragraph, with the replacement Λ → Λ′. At the
end, the Boltzmann factor tells us that the creation rate
for the process is Γ ∼ e−m/
√
Λ+3A2 . So, for a given black
hole mass, m, and for a given cosmological constant, Λ,
the black hole pair creation process is enhanced when a
string is present, as the explicit calculations done in the
main body of the paper show. For Λ = 0 this heuristic
derivation yields Γ ∼ e−m/A which is the pair creation
rate found in [29].
Another question that we have dealt with in the
present paper was: what is the probability for the nu-
cleation of a string in a dS background? Heuristically,
the energy of the string that nucleates is E0 ∼ µΛ−1/2,
i.e., its mass per unit length times the dS radius, while
the work provided by the cosmological background is still
given by Wext ∼
√
Λ. The Boltzmann factor yields for
nucleation rate the value Γ ∼ e−µ/Λ, in agreement with
(52).
[1] O. J. C. Dias, J. P. S. Lemos, False vacuum decay: ef-
fective one-loop action for pair creation of domain walls,
J. Math. Phys. 42, 3292 (2001); O. J. C. Dias, in Pro-
ceedings of Xth Portuguese Meeting on Astronomy and
Astrophysics, edited by J. P. S. Lemos et al (World Sci-
entific, Singapore, 2001), gr-qc/0106081.
[2] S. W. Hawking , in Black holes: an Einstein Centenary
Survey, edited by S. W. Hawking, W. Israel (Cambridge
University Press, 1979); Euclidean Quantum Gravity,
edited by G. W. Gibbons, S. W. Hawking (Cambridge
University Press, 1993).
[3] F. J. Ernst, Removal of the nodal singularity of the C-
metric, J. Math. Phys. 17, 515 (1976).
[4] W. Kinnersley, M. Walker, Uniformly accelerating
charged mass in General Relativity, Phys. Rev. D 2, 1359
(1970).
[5] A. Vilenkin, Gravitational field of vacuum domain walls,
Phys. Lett. B133, 177 (1983); J. Ipser, P. Sikivie, Grav-
itationally repulsive domain wall, Phys. Rev. D30, 712
(1984).
[6] J. D. Brown, Black hole pair creation and the entropy
factor, Phys. Rev. D 51, 5725 (1995);
[7] M. A. Melvin, Phys. Lett. 8, 65 (1964).
[8] Z. C. Wu, Quantum creation of a black hole, Int. J. Mod.
Phys. D 6, 199 (1997); Real tunneling and black hole cre-
ation, Int. J. Mod. Phys. D 7, 111 (1998).
[9] R. Bousso, S. W. Hawking, Lorentzian condition in quan-
tum gravity, Phys. Rev. D 59, 103501 (1999); 60, 109903
(1999) (E).
[10] G. W. Gibbons, in Fields and Geometry, Proceedings of
the 22nd Karpacz Winter School of Theoretical Physics,
edited by A. Jadczyk (World Scientific, Singapore, 1986).
[11] D. Garfinkle, S. B. Giddings, Semiclassical Wheeler
wormhole production, Phys. Lett. B256, 146 (1991).
[12] D. Garfinkle, S. B. Giddings, A. Strominger, Entropy in
black hole pair production, Phys. Rev. D 49, 958 (1994)
[13] H. F. Dowker, J. P. Gauntlett, D. A. Kastor, J. Traschen,
Pair creation of dilaton black holes, Phys. Rev. D 49,
2909 (1994);
[14] H. F. Dowker, J. P. Gauntlett, S. B. Giddings, G.
T. Horowitz, Pair creation of extremal black holes and
Kaluza-Klein monopoles, Phys. Rev. D 50, 2662 (1994).
[15] S. Ross, Pair creation rate for U(1)2 black holes, Phys.
Rev. D 51, 2813 (1995).
[16] P. Yi, Toward one-loop tunneling rates of near-extremal
magnetic black hole pair creation, Phys. Rev. D 52, 7089
(1995).
[17] J. D. Brown, Duality invariance of black hole pair cre-
ation rates, Phys. Rev. D 51, 5725 (1995).
[18] S. W. Hawking, G. T. Horowitz, S. F. Ross, Entropy,
area, and black hole pairs, Phys. Rev. D 51, 4302 (1995).
[19] S. W. Hawking, G. T. Horowitz, The gravitational hamil-
19
tonian, action, entropy and surface terms, Class. Quant.
Grav. 13, 1487 (1996).
[20] R. Emparan, Correlations between black holes formed in
cosmic string breaking, Phys. Rev. D 52, 6976 (1995).
[21] F. Mellor, I. Moss, Black holes and quantum wormholes,
Phys. Lett. B 222, 361 (1989); Black holes and gravita-
tional instantons, Class. Quant. Grav. 6, 1379 (1989).
[22] L. J. Romans, Supersymmetric, cold and lukewarm black
holes in cosmological Einstein-Maxwell theory, Nucl.
Phys. B 383, 395 (1992).
[23] R. B. Mann, S. F. Ross, Cosmological production of
charged black hole pairs, Phys. Rev. D 52, 2254 (1995).
[24] R. Bousso, S. W. Hawking, The probability for primordial
black holes, Phys. Rev. D 52, 5659 (1995); Pair produc-
tion of black holes during inflation, Phys. Rev. D 54,
6312 (1996); S. W. Hawking, Virtual black holes, Phys.
Rev. D 53, 3099 (1996).
[25] R. Garattini, Energy computation in wormwhole back-
ground with the Wheeler-DeWitt Operators, Nucl. Phys.
B (Proc. Suppl.) 57, 316 (1997); Wormwholes and black
hole pair creation, Nuovo Cimento B113, 963 (1998);
Space-time foam, Casimir energy and black hole pair cre-
ation, Mod. Phys. Lett. A 13, 159 (1998); Casimir energy
and black hole pair creation in Schwarzschild-de Sitter
spacetime, Class. Quant. Grav. 18, 571 (2001).
[26] M. Volkov, A. Wipf, Black hole pair creation in de Sitter
space: a complete one-loop analysis, Nucl. Phys. B582,
313 (2000).
[27] I. S. Booth, R. B. Mann, Complex instantons and charged
rotating black hole pair creation, Phys. Rev. Lett. 81,
5052 (1998); Cosmological pair production of charged and
rotating black holes, Nucl. Phys. B 539, 267 (1999).
[28] R. Bousso, Charged Nariai black holes with a dilaton,
Phys. Rev. D 55, 3614 (1997).
[29] S. W. Hawking, S. F. Ross, Pair production of black holes
on cosmic strings, Phys. Rev. Lett. 75, 3382 (1995).
[30] D. M. Eardley G. T. Horowitz, D. A. Kastor, J. Traschen,
Breaking cosmic strings without black holes, Phys. Rev.
Lett. 75, 3390 (1995).
[31] A. Achu´carro, R. Gregory, K. Kuijken, Abelian Higgs hair
for black holes, Phys. Rev. D 52, 5729 (1995).
[32] R. Gregory, M. Hindmarsh, Smooth metrics for snapping
strings, Phys. Rev. D 52, 5598 (1995).
[33] J. Preskill, A. Vilenkin, Decay of metastable topological
defects, Phys. Rev. D 47, 2324 (1993).
[34] R. Emparan, Pair production of black holes joined by cos-
mic strings, Phys. Rev. Lett. 75, 3386 (1995).
[35] R. R. Caldwell, A. Chamblin, G. W. Gibbons, Pair cre-
ation of black holes by domain walls, Phys. Rev. D 53,
7103 (1996).
[36] R. Bousso, A. Chamblin, Patching up the no-boundary
proposal with virtual Euclidean wormholes, Phys. Rev. D
59, 084004 (1999).
[37] R. Mann, Pair production of topological anti-de Sitter
black holes, Class. Quantum Grav. 14, L109 (1997);
Charged topological black hole pair creation, Nucl. Phys.
B 516, 357 (1998).
[38] R. Parentani, S. Massar, The Schwinger mechanism, the
Unruh effect and the production of accelerated black holes,
Phys. Rev. D 55, 3603 (1997); Z. C. Wu, Pair creation of
black holes in anti-de Sitter space background (I), Gen.
Rel. Grav. 31, 223 (1999); Pair creation of black hole in
anti-de Sitter space background, Phys. Lett. B 445, 274
(1999); Quantum creation of topological black hole, Mod.
Phys. Lett. A 15, 1589 (2000); J. Garriga, M. Sasaki,
Brane-world creation and black holes, Phys. Rev. D 62,
043523 (2000); R. Emparan, R Gregory, C. Santos, Black
holes on thick branes, Phys. Rev. D 63, 104022 (2001).
[39] S. W. Hawking, S. F. Ross, Duality between electric and
magnetic black holes, Phys. Rev. D 52, 5865 (1995).
[40] S. W. Hawking, Breakdown of predictability in gravita-
tional collapse, Phys. Rev. D14, 2460 (1976).
[41] T. Banks, Lectures on black holes and information loss,
hep-th/9412131; S. B. Giddings, The black hole infor-
mation paradox, hep-th/9508151; Why aren’t black holes
infinitely produced?, Phys. Rev. D 51, 6860 (1995); L.
Susskind, Trouble for remnants, hep-th/9501106.
[42] J. F. Pleban´ski, M. Demian´ski, Rotating, charged and
uniformly accelerating mass in general relativity, Annals
of Phys. (N.Y.) 98, 98 (1976).
[43] J. Podolsky´, J.B. Griffiths, Uniformly accelerating black
holes in a de Sitter universe, Phys. Rev. D 63, 024006
(2001).
[44] O. J. C. Dias, J. P. S. Lemos, Pair of accelerated black
holes in a de Sitter background: the dS C-metric, Phys.
Rev. D 67, 084018 (2003).
[45] V. Cardoso, O. J. C. Dias, J. P. S. Lemos, Gravitational
radiation in D-dimensional spacetimes, Phys. Rev. D 67,
064026 (2003).
[46] J. Bicˇa´k, Gravitational radiation from uniformly accel-
erated particles in general relativity, Proc. Roy. Soc. A
302, 201 (1968); V. Pravda, A. Pravdova, Boost-rotation
symmetric spacetimes - review, Czech. J. Phys. 50, 333
(2000); On the spinning C-metric, in Gravitation: Fol-
lowing the Prague Inspiration, edited by O. Semera´k, J.
Podolsky´, M. Zofka (World Scientific, Singapore, 2002),
gr-qc/0201025.
[47] J. Bicˇa´k, P. Krtousˇ, Accelerated sources in de Sitter
spacetime and the insuffiency of retarded fields, Phys.
Rev. D 64, 124020 (2001); The fields of uniformly ac-
celerated charges in de Sitter spacetime, Phys. Rev. Lett.
88, 211101 (2002).
[48] P. Krtousˇ, J. Podolsky´, Radiation from accelerated black
holes in de Sitter universe, gr-qc/0301110.
[49] J.B. Hartle, S.W. Hawking, Wave function of the Uni-
verse, Phys. Rev. D 28, 2960 (1983).
[50] G. W. Gibbons, S. W. Hawking, M. J. Perry, Path in-
tegral and the indifiniteness of the gravitational action,
Nucl. Phys. B 138, 141 (1978).
[51] D. J. Gross, M. J. Perry, L. G. Yaffe, Instability of flat
space at finite temperature, Phys. Rev. D 25, 330 (1982).
[52] G. W. Gibbons, M. J. Perry, Quantizing gravitational
instantons, Nucl. Phys. B 146, 90 (1978).
[53] S. M. Christensen, M. J. Duff, Quantizing gravity with
cosmological constant, Nucl. Phys. B 146, 90 (1978).
[54] P. Ginsparg, M. J. Perry, Semiclassical perdurance of de
Sitter space, Nucl. Phys. B 222, 245 (1983).
[55] R. E. Young, Semiclassical stability of asymptotically lo-
cally flat spaces, Phys. Rev. D 28, 2420 (1983).
[56] R. E. Young, Semiclassical instability of gravity with posi-
tive cosmological constant, Phys. Rev. D 28, 2436 (1983).
[57] J. D. Brown, J. W. York, Quasilocal energy and conserved
charges derived from the gravitational action, Phys. Rev.
D 47, 1407 (1993); , Microcanonical functional integral
for the gravitational field, Phys. Rev. D 47, 1420 (1993).
[58] G. W. Gibbons, S. W. Hawking, Action integrals and
partition functions in quantum gravity, Phys. Rev. D 15,
2752 (1977).
20
[59] O. J. C. Dias, J. P. S. Lemos, Pair of accelerated black
holes in an anti-de Sitter background: the AdS C-metric,
Phys. Rev. D 67, 064001 (2003).
[60] O. J. C. Dias, J. P. S. Lemos, The extremal limits of the
C-metric: Nariai, Bertotti-Robinson and anti-Nariai C-
metrics, accepted for publication in Phys. Rev. D (2003),
hep-th/0306194.
[61] S. Nojiri, S. D. Odintsov, Effective action for confor-
mal scalars and anti-evaporation of black holes, Int. J.
Mod. Phys. A 14, 1293 (1999); Quantum evolution of
Schwarzschild-de Sitter (Nariai) black holes, Phys. Rev.
D 59, 044026 (1999); R. Bousso, Proliferation of de Sit-
ter space, Phys. Rev. D 58, 083511 (1998); Adventures
in de Sitter space, hep-th/0205177.
[62] T. Regge, Nuovo Cimento 19, 558 (1961); G. W. Gib-
bons, M. J. Perry, Phys. Rev. D 22, 313 (1980).
